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Abstract

This paper proves that the Riemannian distance function is maximal in the class of distance
functions associated with the Riemannian metric tensor.

Secondly, it is proven that there exists a unique minimum of

L(v) =
m∑
i=1

d(pi, γv(ti ))
2, v ∈ TM

on a complete Riemannian surface(M, g) with small curvature, small curvature change and in-
jectivity radius+∞. Herepi ∈ M andγv is the maximal geodesic with initial velocityv and
0< t1 < · · · < tm.
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1. Distance functions and metric tensors

Let (M, g) denote a smooth, connected Riemannian manifold. Furthermore, let

dg:M ×M → R

denote the Riemannian distance function ofg. For small enoughv, we have

d2
g(π(v),exp(v)) = 〈v, v〉. (1.1)

Let p = π(v) and take a chart(U, φ) aroundp. (Ũ , φ̃) denotes the tangent bundle chart
induced by(U, φ). Define

dg,φ = d2
g ◦ (φ−1 × φ−1), φ̃(v) = (x, h), expφ(x, h) = φ ◦ exp◦ φ̃−1(x, h).

0393-0440/02/$ – see front matter © 2002 Elsevier Science B.V. All rights reserved.
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Equality(1.1) reads in our local coordinates

dg,φ(x,expφ(x, h)) =
∑
i,j

gij (x)h
ihj .

Now

∂2

∂ha∂hb

∑
i,j

gijh
ih
j

|h=0 = 2gab(x),

while

∂2

∂hb∂ha
dg,φ(x,expφ(x, h))|h=0 = ∂

∂hb

(
∂dg,φ

∂zl
(x,expφ(x, h))

∂expφl
∂ha

(x, h)

)∣∣∣∣∣
h=0

= ∂2dg,φ

∂zl∂zm
(x,expφ(x, h))

∂expφl
∂ha

(x, h)
∂expφm
∂hb

(x, h)|h=0 = ∂2dg,φ

∂zl∂zm
(x, x)δlaδ

m
b

= ∂2dg,φ

∂za∂zb
(x, x).

Hence

∂2dg,φ

∂za∂zb
(x, x) = 2gab(x).

We have used that

∂dg,φ

∂zl
(x, x) = 0,

sincedg,φ ≥ 0 anddg,φ(x, x) = 0. Also

∂expφl
∂ha

= δla,

since

d expp(0) = id.

We see that a Riemannian distance functiond = dg satisfies

1. d(p, p) = 0∀p ∈ M.
2. d(p, q) = d(q, p)∀p, q ∈ M.
3. d(p, r) ≤ d(p, q)+ d(q, r)∀p, q, r ∈ M.
4. d2: M ×M → R isC∞ on an open neighbourhood of the diagonal∆ ⊂ M ×M and{

∂2dφ

∂zl∂zm
(φ(p), φ(p))

}
l,m

is positive definite∀p ∈ M and every chart(U, φ) aroundp.
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A functiond: M ×M → R satisfying (1)–(4) above is called a distance function and is
said to satisfy the conditionR∞.

So a Riemannian metric tensor gives rise to a distance functiondg satisfying the condition
R∞.

Takep ∈ M and a chart(U, φ) aroundp. Define

gkl(p) = 1

2

∂2dφ

∂zk∂zl
(φ(p), φ(p)).

This is a coordinate invariant definition of

g(p), (1.2)

whereg is a smooth Riemannian metric tensor.
We shall agree to say that a distance functiond satisfying the conditionR∞ is associated

with the metricg provided

gkl(p) = 1

2

∂2dφ

∂zk∂zl
(φ(p), φ(p))

in some and hence any chart(U, φ) aroundp.
In Section 2, we shall show that the Riemannian distance function of a metricg gives an

upper bound for the distance functions satisfying the conditionR∞ associated withg, see
Theorem 2.1.

In Section 3, we consider the function

L: TM → M

defined in the abstract. InTheorem 3.1, we prove that on a complete surface(M, g) with
small curvature, small curvature change and injectivity radius+∞ there is a unique vector
v, giving a minimum ofL on TM. In other words there is a unique geodesic,γv which
approximates the pointsp1, . . . , pm in the best possible way. Notice that, in caseM = R

with the standard metric we are considering the usual linear regression problem, where we
find the line in the plane approximating data(t1, p1), . . . , (tm, pm) in the best possible way.
HereL is the sum of least squares.

2. Maximality of the Riemannian distance function

Theorem 2.1. If d : M × M → R satisfies the conditionR∞ then there exists an open
neighbourhoodΩ of∆ in M ×M, such that

d ≤ dg

onΩ.

Proof. g has a Riemannian distance function

dg:M ×M → R.
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Hered2
g is smooth on an open neighbourhood of the diagonal inM×M. In fact, there exists

an open neighbourhoodΩ of ∆ in M ×M, such that every(p, q) ∈ Ω is contained in a

C× C,
whereC is a convex open set such that

dg(p, q)
2 = 〈σ ′

pq(0), σ
′
pq(0)〉,

whereσpq is the unique geodesic inC joining p = σpq(0) = p andσpq(1) = q.
Lettingd = dφ , we know that

dφ(x, γ (t)) = t2〈γ ′(0), γ ′(0)〉 + t3h(t)

for a smooth functionh. Now let γ denote a geodesic for the Riemannian metricg. The
triangle inequality becomes

d(x, γ (t + s)) ≤ d(x, γ (t))+ d(γ (t), γ (t + s))+ 2
√
d(x, γ (t))

√
d(γ (t), γ (t + s)).

We shall use this inequality to derive a differential inequality forh. Now

d(x, γ (t + s)) = (t + s)2〈γ ′(0), γ ′(0)〉 + (t + s)3h(t + s)

and

d(γ (t), γ (t + s)) = s2〈γ ′(t), γ ′(t)〉 + s3ht (s).

Using the standard trick from singularity theory, we write

h(t)− h(t + s) = sk(t, s),

wherek is smooth and

k(t,0) = −h′(t).

The triangle inequality above becomes fors > 0

s(s〈γ ′(0), γ ′(0)〉 + 2t〈γ ′(0), γ ′(0)〉 + 3t2h(t + s)+ 3tsh(t + s)+ s2h(t + s))

≤ s(t3k(t, s)+ s〈γ ′(t), γ ′(t)〉 + s2ht (s)+ 2t
√

|γ ′(0)|2 + th(t)
√

|γ ′(0)|2 + sht (s)).

Cancelling the factors on each side and lettings → 0, we find fort ≥ 0

2t〈γ ′(0), γ ′(0)〉 + 3t2h(t) ≤ −t3h′(t)+ 2t
√

|γ ′(0)|2 + th(t)|γ ′(0)|.
So fort > 0

h′(t) ≤ 1

t2
(2
√

|γ ′(0)|2 + th(t)|γ ′(0)| − 2|γ ′(0)|2 − 3th(t)) = 1

t2
H(th(t)).

Here

H(x) = 2
√

|γ ′(0)|2 + x|γ ′(0)| − 2|γ ′(0)|2 − 3x.
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Notice that

H ′(x) = |γ ′(0)|√
|γ ′(0)|2 + x − 3

< 0

for x ≥ 0. SinceH(0) = 0, it follows that

H(x) < 0, x > 0.

Assume for contradiction that there existst∗ > 0, such thath(t∗) = x0 > 0. Then

h′(t∗) ≤ H(t∗h(t∗)) < 0.

So

h(t) > x0, t ∈]t∗ − δ, t∗[.

If there existst ∈]0, t∗[, such thath(t) ≤ x0 then there existŝt ≥ 0, such that

h(t̂) = x0 > 0, h(t) ≥ x0, t ∈] t̂ , t∗[.

But, then

h′(t̂) < 0,

which is impossible. Hence

h(t) ≥ x0, t ∈ [0, t∗].

In particular,

h(0) ≥ x0 > 0

contradicting the fact that

h(0) = 0

according to smoothness ofh and the differential inequality forh. Consequently,h(t) ≤
0, t > 0. Hence the Theorem. �

Example 2.2. We shall now show that the inequality inTheorem 2.1can be sharp. Consider
then

Sn ⊂ R
n+1

with the standard Riemannian metric tensorg and the corresponding distance functiondg.
The Euclidean norm inRn+1 is denoted by‖ ‖2. Then

d(x, y) = ‖x − y‖2

defines a distance function

d: Sn × Sn → R



J.C. Larsen / Journal of Geometry and Physics 45 (2003) 252–266 257

satisfying the conditionR∞. Let x, v ∈ Sn, x ⊥ v.

γ (t) = x cost + v sint, t ∈ R

is then a geodesic and

∂2

∂t2
d2(x, γ (t))|t=0 = 2.

Sod induces the standard Riemannian metric tensorg. But

d(x, y) < dg(x, y), x �= y, x, y ∈ Sn.

Example 2.3. Define smooth arc length parameterized curves

αi : Ii → H,

whereH is a Hilbert space andIi is an open interval inR. Define a distance function on

U = I1 × · · · × In

by

d2(x, y) = ‖α1(x1)− α1(y1)‖2 + · · · + ‖αn(xn)− αn(yn)‖2.

Thend2 is smooth and induces a flat metric. Alsod satisfies the conditionR∞.

3. Distance functions and statistics

In this section, let(M, g) denote a complete, smooth Riemannian surface. Assume we
are given mutually distinct points

p1, . . . , pm ∈ M
and real numbers

0< t1 < · · · < tm, T = (t1, . . . , tm).

Define a non-negative function

L: TM → R

on the tangent bundleTM of M by

L(v) =
m∑
i=1

d(pi, γv(ti))
2, v ∈ TM.

Givenv ∈ TM, define

Kv = 〈∇vR(v1, v2)v1, v2〉
b(v1, v2)

, vi ∈ Tπ(v)M,

b(v1, v2) = 〈v1, v2〉〈v2, v2〉 − 〈v1, v2〉2 �= 0,

whereR is the curvature tensor ofM. Assume the injectivity radiusι(M) = +∞.
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Theorem 3.1. L has a minimumv0 on TM. There exist positive functions

Q = Q(T, {d(pi, pj )}i,j ) > 0, Q1 = Q1(T , {d(pi, pj )}i,j ) > 0

such that if

|K| ≤ Q2, |Kv| ≤ Q1 ∀v with ‖v‖ = 1,

thenv0 is unique.

Proof. Existence. Define

K2 = max
i≥2

(d(pi, p1)).

Givenv ∈ TM, letp = π(v). Ford(p, p1) ≤ K2 and‖v‖ ≤ K3 for someK3 > 0, we find

m∑
i=1

d(pi, γv(ti))
2 ≤

m∑
i=1

(d(pi, p1)+ d(p1, p)+ d(p, γv(ti)))
2

≤
m∑
i=1

(K2 +K2 + tiK3)
2 � K1.

There existsR > K2 such that

m∑
i=1

d(pi, γv(ti))
2 ≥

m∑
i=1

(d(p1, p)− ti‖v‖ − d(pi, p1))
2 > K1

for d(p1, p) > R. Estimate

d(pi, γv(ti)) ≥ |d(γv(t1), γv(ti))− d(p1, γv(t1))− d(pi, p1)|.
If d(p1, γv(t1)) ≤ √

K1 and‖v‖ ≥ K4, then

m∑
i=1

d(pi, γv(ti))
2 ≥

m∑
i=1

(K4|ti − t1| −
√
K1 −K2)

2 > K1.

It remains to consider‖v‖ ∈ [K3,K4]. For d(p1, p) > K5 > R, we find

d(p1, γv(t1)) ≥ d(p1, p)− d(γv(t1), p) = d(p1, p)− ‖v‖t1 > K5 −K4t1 >
√
K1.

SoL assumes a minimum on the compact set

d(p1, p) ≤ K5, ‖v‖ ≤ K4.

This proves existence ofv0.
Uniqueness. Define the two Jacobi map

F2(σs, σst, σt ) = (R(σt , σs)σs)t + R(σt , σs)σst + (R(σt , σs)σt )s − R(σtt, σs)σs
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for a two parameter geodesic variationσ of a unit speed geodesics �→ σ(s,0). It gives rise
to the two Jacobi equation

Y ′′
2 = F2(σs, Y

′
1, Y1)+ R(Y2, σs)σs, Y1 = σt , Y2 = σtt,

cf. [2]. This is the differential equation for the transverse acceleration vector field of a
geodesic variation. Now letE1 = σs, E2 denotes an orthonormal basis alongs �→ σ(s,0).
Write

σt = y1E1 + y2E2, σst = y′
1E1 + y′

2E2, σtt = z1E1 + z2E2.

Let

K1 = 〈RE1(E2, E1)E2, E1〉, K2 = 〈RE2(E2, E1)E2, E1〉.
The above second-order differential equation forY2 becomes

z′′1 = 4y2y
′
2K + y2

2K1, z′′2 + Kz2 = −2y1y2K1 − y2
2K2 − 4y2y

′
1K = y

on our surface(M, g).
We shall now prove that the Hessian ofL is positive definite near thep′

i s. To this end
consider a non-constant geodesic

c: I → TM

with

c(0) = v, c′(0) �= 0.

The base curve

d = π ◦ c
is denotedd.

Define a geodesic variationG = Gi with

s �→ G(s, t)

a geodesic from

G(0, t) = pi to exp(tic(t)) = G(1, t).

Let

Li(v) = d(pi,exp(tiv))
2.

Then

d2

dt2
(Li ◦ c)t=0 = d

ds
(〈Gtt,Gs〉)s=0 − 2〈R(Gt ,Gs)Gt ,Gs〉 + 2〈Gts,Gts〉t=0.

Notice that

Gt(0,0) = 0, Gtt(0,0) = 0.
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We shall need a second geodesic variation defined by

y(s, t) = exp(sc(t)).

Notice here that

ytt(0) = (π ◦ c)′′(0).
The strategy of the proof is to give an upper estimate for

‖ytt(ti ,0)‖ = ‖Gtt(1,0)‖
and a lower estimate for

‖yt (ti ,0)‖ = ‖Gt(1,0)‖.
These estimates in turn will give an upper bound for

m∑
i=1

∣∣∣∣ d

ds
〈Gitt,Gis〉(0,0)

∣∣∣∣
and a lower bound for

m∑
i=1

〈Gits,Gits〉(0,0).

Thus showing that

d2

dt2
(L ◦ c)(0) > 0.

Initially we focus on estimates for the Jacobi field

yt (s,0) = y1

(
ys

|ys |
)

+ y2N,

whereN is a unit parallel vector field orthogonal toys . Here we assume that|ys | �= 0
dealing with the case|ys | = 0 later. Let

a = y′
1(0), b = y1(0), Qc = y′

2(0), d = y2(0).

Let yQ2 andy−Q
2 denote solutions to

y′′
2 −Q2y2 = 0

and

y′′
2 +Q2y2 = 0,

respectively, with

(y
Q
2 )

′(0) = (y
−Q
2 )′(0) = Qc, (y

Q
2 )(0) = (y

−Q
2 )(0) = d.
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Consider first the cased > 0. We have

y
−Q
2 (t) ≤ y2(t) ≤ y

Q
2 (t)

as long asy−Q
2 (t) > 0. So

c sin(Qti )+ d cos(Qti ) ≤ y2(ti) ≤ c sinh(Qti )+ d cosh(Qti ).

We shall now derive a lower bound for

m∑
i=1

|Y (ti)|.

First of all

|y1(ti)− y1(tj )| = |a||ti − tj | ≤ |y1(ti)| + |y1(tj )|.
Hence

|a|
m∑

i,j=1

|tj − ti | ≤ 2m
m∑
i=1

|y1(ti)|.

Furthermore,

m|b| ≤
m∑
i=1

|y1(ti)| + |a|ti ≤
(

1 +
m∑
i=1

ti
2m∑m

i,j=1|tj − ti |

)
m∑
i=1

|y1(ti)|.

Now

d cosQti ≤ y2(ti)− c sinQti .

Also

−c sinhQti ≤ −y2(ti)+ d coshQti ≤ −y2(ti)+ coshQti
cosQtj

(y2(tj )− c sinQtj ).

Hence

c

(
coshQti
cosQtj

sinQtj − sinhQti

)
≤ y2(tj )

coshQti
cosQtj

− y2(ti). (3.1)

For c > 0, we have

d cosQti ≤ y2(ti)− d cosQti ≤
m∑
i=1

|y2(ti)|.

For c < 0, we get withi > j from (3.1) for smallQ

−c ≤ 1

sinhQti − (coshQti/ cosQtj ) sinQtj
y2(tj )

coshQti
cosQtj

.
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Here we assume thatQ is so small such that

sinhQti − coshQti
cosQtj

sinQtj > 0.

All in all, we have an estimate

m∑
i=1

|Y (ti)| ≥ K̃(|a| + |b| + |c| + |d|).

It may happen thaty2(t∗) < 0 for somet∗ > 0. If there are at least twot ′i s for which

y2(ti) < 0

we can argue as follows.
By yQ we denote the solution to

y′′
2 −Q2y2 = 0

with yQ(0) = d, yQ(t∗) = 0, t∗ being the first zero fory2. So

yQ(t) = c cosh(Qt)+ d sinh(Qt).

Assume for contradiction that

(yQ)′(0) > y′
2(0).

Then

y′′
2 = −Ky2 < Qy2 < QyQ = (yQ)′′.

So

yQ(t∗) > y2(t∗) = 0.

A contradiction and(yQ)′(0) ≤ y′
2(0). Now we deduce that

yQ(t) ≤ y2(t), t ∈]0, t∗[.

Hence

(yQ)′(t∗) > y′
2(t∗) = c̃.

Argue as before to obtain

|c̃| ≤
m∑
i=1

|y2(ti)|.

Now compute

(yQ)′(t∗) = −Q
√
((yQ)′(0))2 − d2.
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Hence

K̃3|c|, K̃3d ≤ K3|(yQ)′(t∗)| ≤ K3|c̃| ≤
m∑
i=1

|y2(ti)|

for smallQ. We have

xi1(s) = ai1s, |xi2(s)| ≤ |ci1| sinh(Qs), (xi2)
′(0) = Qci1.

Hence

K̃(|a| + |b| + |c| + |d|)≤
m∑
i=1

|Y (ti)| =
m∑
i=1

∣∣∣∣∂Gi∂t (1,0)
∣∣∣∣ =

m∑
i=1

|xi1(fi)| + |xi2(fi)|

≤
m∑
i=1

|ai1|fi + |ci1| sinh(Qfi )

fi = d(pi, γv(ti)) < f0. We obtain an estimate

m∑
i=1

〈Gits,Gits〉(0,0) ≥
m∑
i=1

1

fi
K̂(|a| + |b| + |c| + |d|)2.

To derive an upper bound for

m∑
i=1

∣∣∣∣ d

ds
〈Gitt,Gis〉

∣∣∣∣ ,
we observe that

z2(t) = a(t)

∫ t

0

B(s)

a(s)2
ds + ẑ2(t), B(t) =

∫ t

0
y(s)a(s)ds,

wherea is the solution to

a′′ + Ka = 0, a′(0) = 1, a(0) = 0

andẑ2 is the solution to

ẑ′′2 +Kẑ2 = 0, ẑ2(0) = z2(0), ẑ′2(0) = z′2(0).

TakingQ small we havea(ti) > 0.
We shall need to examine the differential equations forc, the geodesic inTM. So, write

locally

cφ = (d, E): I → φ(U)× R
n.

Here(U, φ) is a chart onM such that

gij (p) = δ
j
i , π(v) = p, Γ kij (p) = 0.
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ByGαβ we denote the coordinates of the Sasaki metric, see[1], in the tangent bundle chart
associated withφ and we use the terminology

α = (i, I ), β = (j, J ), i, j, I, J ∈ {1, . . . , n}.
We have

Gij (p) = gij (p)+ gabΓ
a
dj(p)v

cΓ bdj(p)v
d = gij (p), GiJ(p) = [ki, J ]pv

k = 0,

GIJ(p) = gIJ(p).

We have

d2EK

dt2
+ Γ

K,N
αβ c′αc

′
β = 0, N = TM.

Direct computation using the formulas forGαβ above yields

Γ
M,N
ij (p) = 1

2

(
∂

∂xj
[ki,M] + ∂

∂xi
[kj,M]

)
p

vk, Γ
M,N
iJ (p) = 0, Γ

M,N
I,J (p) = 0.

It follows that

ctt =
(

d2EK

dt2
+ ∂

∂xl
(Γ Kij (p)d

′
l d

′
iEj

)
∂K = 0.

So there exists two parallel vector fieldsE1 andE2 alongd, such that

c(t) = tE1(t)+ E2(t).

The differential equations ford are

d2dk

dt2
+ Γ

k,N
αβ c′αc

′
β = 0.

Now

Γ
k,N
ij (p) = Γ

k,M
ij (p) = 0, Γ kIJ(p) = 0.

So

d2dk

dt2
= −2Γ k,NiJ d ′

iE
′
j ,

where

Γ
k,N
iJ = RJakiv

a.

We consequently have a bound

|z1(0)|, |z2(0)| ≤ |d ′′(0)| ≤ LQ2(|a| + |b| + |c| + |d|)2|v|
for the acceleration of the base curved = π ◦ c of c. Furthermore,

|z′1(0)|, |z′2(0)| ≤ |ytts(0,0)| = |R(v, d ′)d ′| ≤ L̃Q2(|a| + |b| + |c| + |d|)2|v|.
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We have estimates

|y1(s)| ≤ |a|s + |b|, |y2(s)| ≤ 2|c|s + 2|d|
and

b1s ≤ a(s) ≤ b2s, 0< b1 < 1< b2.

We have for somẽL > 0 such that

|B(t)| ≤
∫ t

0
(|a| + |b| + |c| + |d|)2L̃(Q2 +Q1)s ds

≤ L̃(|a| + |b| + |c| + |d|)2(Q2 +Q1)
1

2
t2.

Hence

|z2(ti)| ≤ L1(|a| + |b| + |c| + |d|)2(Q2 +Q+Q1).

Similarly, integrating twice

|z1(ti)| ≤ L2(|a| + |b| + |c| + |d|)2(Q2 +Q+Q1).

Now we can conclude the proof by observing that fors = fi we have

v1(s) = v′
1(0)s +

∫ s

0

∫ u

0
(4x2x

′
2K + x2

2K1)dτ du =
〈
Gtt,Gs

|Gs |
〉
.

So

fi |v′
1(0)| ≤

∣∣∣∣
〈
Gtt,Gs

|Gs |
〉
−
∫ f

0

∫ u

0
(4x2x

′
2K + x2

2K1)dτ du

∣∣∣∣
≤
√
z1(ti)2 + z2(ti)2 + L̂(Q2 +Q1)|c1|2.

Hence∣∣∣∣ d

ds

〈
Gtt,Gs

|Gs |
〉∣∣∣∣ ≤

m∑
i=1

1

fi
L(|a| + |b| + |c| + |d|)2(Q+Q2 +Q1).

Comparing the summands of the Hessian ofL we see that this Hessian is positive definite
near thep′

i s. Uniqueness ofv0 follows, thereby proving the theorem. �

Example 3.2. Suppose(M, g) is a complete surface with a closed geodesicγ of period
T > 0 with

γ (t) = γ (t + T ), t ∈ R.

Let 3τ ∈]0, T [ and set

p1 = γ (τ), p2 = γ (2τ), p3 = γ (3τ).
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Define

β(t) = γ

(
−T + T + τ

τ
t

)

with

β ′(0) = T + τ

τ
γ ′(0)

and

β(τ) = p1, β(2τ) = p2, β(3τ) = p3.

Then

L(v) =
3∑
i=1

d(pi, γv(ti))
2

has at least two distinct minimaγ ′(0) and((T + τ)/τ)γ ′(0). Hereι(M) < +∞.
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